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Abstract
In this paper, we employ Nevanlinna’s value distribution theory to investigate the
existence of meromorphic solutions of some algebraic diﬀerential equations. We
obtain the representations of all meromorphic solutions of certain algebraic
diﬀerential equations with constant coeﬃcients and dominant term. Many results are
the corollaries of our result, and we will give the complex method to ﬁnd all traveling
wave exact solutions of corresponding partial diﬀerential equations. As an example,
we obtain all meromorphic solutions of the Kuramoto-Sivashinsky equation by using
our complex method. Our results show that the complex method provides a
powerful mathematical tool for solving great many nonlinear partial diﬀerential
equations in mathematical physics.
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1 Introduction and themain result
Nonlinear partial diﬀerential equations (NLPDEs) are widely used as models to describe
many important dynamical systems in various ﬁelds of science, particularly in ﬂuid me-
chanics, solid state physics, plasma physics, and nonlinear optics. Exact solutions of
NLPDEs of mathematical physics have attracted signiﬁcant interest in the literature. Over
the last years, much work has been done on the construction of exact solitary wave so-
lutions and periodic wave solutions of nonlinear physical equations. Many methods have
been developed by mathematicians and physicists to ﬁnd special solutions of NLPDEs,
such as the inverse scattering method [], Darboux transformation method [], Hirota bi-
linear method [], Lie group method [], bifurcation method of dynamic systems [–],
sine-cosine method [], tanh-function method [, ], Fan-expansion method [], and
homogenous balance method []. Practically, there is no uniﬁed technique that can be
employed to handle all types of nonlinear diﬀerential equations. Recently, some authors
have found the traveling wave exact solutions of certain NLPDEs by using the complex
method.
A meromorphic function w(z) means that w(z) is holomorphic in the complex plane C
except for poles. α, b, c, ci, and cij are constants, which may be diﬀerent from each other
in diﬀerent place. It is assumed that the reader is familiar with the standard notations and
the basic results of Nevanlinna’s value distribution theory such as
T(r, f ),m(r, f ),N(r, f )N(r, f ), . . . .
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For details on Nevanlinna’s value distribution theory, please see []. We denote by S(r, f )
any function satisfying S(r, f ) = o{T(r, f )}, as r → ∞, possibly outside of a set of ﬁnite
measure. We say that a meromorphic function f belongs to the class W if f is an elliptic
function, or a rational function of eαz , α ∈C, or a rational function of z.
In order to state our results, we need some concepts and notations.
Set m ∈ N := {, , , . . .}, rj ∈ N = N ∪ {}, r = (r, r, . . . , rm), j = , , . . . ,m. We deﬁne a




]r[w′(z)]r[w′′(z)]r · · · [w(m)(z)]rm .
p(r) := r + r + · · · + (m + )rm and deg(M) are called the weight and degree of Mr[w],
respectively.





where ar are constants and I is a ﬁnite index set. The total weight and degree of P[w] are
deﬁned byW (P) :=maxr∈I{p(r)} and deg(P) :=maxr∈I{deg(Mr)}, respectively.
We will consider the following complex ordinary diﬀerential equation:
P[w] = wn, (.)
where n ∈N.
Let p,q ∈N. Suppose that equation (.) has a meromorphic solution wwith at least one
pole. We say that equation (.) satisﬁes the 〈p,q〉 condition if there exactly exist p distinct
meromorphic solutions of (.) with pole of multiplicity q at z = .
We know that verifying the fact that equation (.) satisﬁes the 〈p,q〉 condition may be
very diﬃcult, and many equations (.) do not satisfy the 〈p,q〉 condition. We say that




ckzk , q > , c–q 	=  (.)




In , Eremenko [] researched the existence of meromorphic solutions of the com-
plex Kuramoto-Sivashinsky equation
νw′′′ + bw′′ +μw′ + w

 +A = , ν 	= , (.)
where ν , μ, b, and A are constants, and obtained that all meromorphic solutions w of
equation (.) are such thatw ∈W . In , Eremenko [] investigated the k-order Briot-













)i = , (.)
where Pi(w) are polynomials with constant coeﬃcients in w. He proved that any mero-
morphic solution w of equation (.) belongs to the classW if w has at least one pole and
k is odd. In , Eremenko et al. [] proved the following.
Theorem A If w is a meromorphic solution of equation (.) and w has at least one pole,
then w ∈W .
Recently, Yuan et al. [] obtained the following TheoremB and proposed Conjecture C.
Theorem B Let p, l,m,n ∈ N, deg(P) < n, and equation (.) satisfy the 〈p,q〉 condition.
Then all meromorphic solutions w of equation (.) belong to the class W . If for some
values of parameters such a solution w exists, then other meromorphic solutions form a
one-parametric family w(z – z), z ∈C. Furthermore, w with pole at  must be one of the
following three cases:









with l (≤ p) distinct poles of multiplicity q.
(II) Each simply periodic solution is a rational function R(ξ ) with pole at ξ = 








































dzj– ℘(z) + c, (.)
where℘(z) is theWeierstrass elliptic function, c–ij are given by (.), Bi = Ai –gAi–
g and
∑l
i= c–i = .Andw has another formwhich is one of the following three forms.
() If w is even and the pole of the Weierstrass elliptic function ℘(z) is the pole of w, then












where q ≤ q . If the pole of ℘(z) is not the pole of w, then q = .
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() If w is odd, then w
℘′(z) is a rational Q(ξ ) of ξ := ℘(z).










where Q(ξ ) and Q(ξ ) are rational functions with the form of (.).
Conjecture C Suppose that p,m,n ∈ N, equation (.) satisﬁes the weak 〈p,q〉 condition
and deg(P) < n. Then the conclusions of Theorem B hold.
In this paper, we employ Nevanlinna’s value distribution theory to investigate the ex-
istence of meromorphic solutions of some algebraic diﬀerential equations. We give posi-
tive answer to Conjecture C and obtain the representations of all meromorphic solutions
of certain algebraic diﬀerential equations with constant coeﬃcients and dominant term.
Many results are the corollaries of our result, and we will give the complex method to
ﬁnd all traveling wave exact solutions of corresponding partial diﬀerential equations. As
an example, we obtain all meromorphic solutions of the Kuramoto-Sivashinsky equation
(.) by using our complex method. Our results show that the complex method provides a
powerful mathematical tool for solving greatmany nonlinear partial diﬀerential equations
in mathematical physics.
Our main result is the following Theorem .
Theorem  Consider an algebraic diﬀerential equation
aw(m) + P[w] = wn, (.)
where m,n ∈ N, a 	= , m is an odd integer, and P[w] is a diﬀerential polynomial. Suppose
that equation (.) satisﬁes the weak 〈p,q〉 condition, and p(r) + (q – )deg(Mr) < m + q,
deg(P) < n. Then the conclusions of Theorem B hold, i.e., all meromorphic solutions w of
equation (.) belong to the class W . If for some values of parameters such a solution w
exists, then other meromorphic solutions form a one-parametric family w(z – z), z ∈ C.
Furthermore, w with pole at must be one of the following three cases:









with l (≤ p) distinct poles of multiplicity q.
(II) Each simply periodic solution is a rational function R(ξ ) with pole at ξ =  of
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dzj– ℘(z) + c,
where ℘(z) is the Weierstrass elliptic function, c–ij are given by (.),
Bi = Ai – gAi – g, and
∑l
i= c–i = . And w has another form which is one of the
following three forms.
() If w is even and the pole of the Weierstrass elliptic function ℘(z) is the pole of w, then












where q ≤ q . If the pole of ℘(z) is not the pole of w, then q = .
() If w is odd, then w
℘′(z) is a rational Q(ξ ) of ξ := ℘(z).










where Q(ξ ) and Q(ξ ) are rational functions with the form of (.).
Consider the algebraic diﬀerential equation
Cw′′′ +Cw′′ +Cww′ +Cw′ +Cw +Cw +C = Cw +Cw, (.)
where C 	= , Ci, i = , , . . . , , are constants.
Corollary  If C 	=  or C = , C 	=  or C = C = C = , C 	= , then any meromorphic
solution w of equation (.) belongs to W .
Remark  In ,Conte andNg [] obtained the aboveCorollary  by using the diﬀerent
method, in which C 	=  and all meromorphic solutions were given. In the later case,
equation (.) is the same as the Kuramoto-Sivashinsky equation (.), and Eremenko
[] pointed out that there are no meromorphic solutions except those found in [–].
This paper is organized as follows. In the next section, the preliminary lemmas and the
complex method are given. The proof of Theorem  will be given in Section . All mero-
morphic solutions of the Kuramoto-Sivashinsky equation (.) are derived from our com-
plex method in Section . Some conclusions and discussions are given in the ﬁnal section.
2 Preliminary lemmas and the complexmethod
In order to prove our results, we need the following four lemmas.
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Lemma  (Clunie lemma [, ]) Let w be a meromorphic solution of an equation
wnP(z,w,w′, . . . ,w(m)) =Q(z,w,w′, . . . ,w(m)),where P andQare two diﬀerential polynomials
in w and its derivatives w′, . . . ,w(m) withmeromorphic coeﬃcients {aλ|λ ∈ I}, andm(r,aλ) =
S(r,w). If the total degree of Q(z,w,w′, . . . ,w(m)) in w and its derivatives w′, . . . ,w(m) satisfy





z,w,w′, . . . ,w(m)
))
= S(r,w).
Lemma  (Mohon’ko theorem [, ]) Let w be a meromorphic function, let




be an irreducible rational function in w with meromorphic coeﬃcients ai(z), bj(z), and let





= dT(r,w) + S(r,w),
where d =max(p,q).
Lemma  Let Mr,m[w](z) :=
∏m
i=[w(i)(z)]ri be a diﬀerential monomial with weight and de-
























 ]ri––k) (i = , . . . ,m)
is a homogenous diﬀerential polynomial in w and w with the total weightW (Pi,m) = p(r)–
i –  and degree deg(Pi,m) = deg(M) – , respectively.
Proof When m = , we have
Mr,[w] –Mr,[w] = wr –w
r




 w + · · · +wr–
)
,
which shows that Lemma  holds.







































































by the induction hypothesis, we know that the case m of Lemma  holds. Therefore
Lemma  holds.
The proof of Lemma  is complete. 
Lemma  [] Let f (z) be an elliptic function of order m (m = q + · · · + ql) and with l























℘ ′(z) + Bi
℘(z) –Ai
+ c, (.)
where c–ij is obtained by (.), Bi = Ai – gAi – g and
∑l
i= c–i = .































dzj– ℘(z) + c. (.)
In order to give the representations of elliptic solutions, we need some notations and
results concerning elliptic function [].
Letω,ω be two given complex numbers such that Im ωω > , L = L[ω, ω] be discrete
subset L[ω, ω] = {ω|ω = nω + mω,n,m ∈ Z}, which is isomorphic to Z × Z. The
discriminant  =(c, c) := c – c and






The Weierstrass elliptic function ℘(z) := ℘(z, g, g) is a meromorphic function with
double periods ω, ω and satisﬁes the equation
(
℘ ′(z)
) = ℘(z) – g℘(z) – g, (.a)
where g = s, g = s, and (g, g) 	= .
If we change (.a) to the form
(
℘ ′(z)
) = (℘(z) – e)(℘(z) – e)(℘(z) – e), (.)
we have e = ℘(ω), e = ℘(ω), e = ℘(ω +ω).
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Inversely, given two complex numbers g and g such that (g, g) 	= , there exist dou-
ble periods ω, ω Weierstrass elliptic function ℘(z) such that above relations hold.
It is easy to see that the set of poles of the Weierstrass elliptic function ℘(z) is L, ℘(z)
has four distinct complete multiple values e, e, e and inﬁnite, and thus any other value
of it must be simple.
Lemma  [, ] TheWeierstrass elliptic functions℘(z) := ℘(z, g, g) have two successive
degeneracies and addition formula as follows.











if one root ej is double ((g, g) = ).
(II) Degeneracy to rational functions of z according to
℘(z, , ) = z
if one root ej is triple (g = g = ).
(III) Addition formula








By above lemmas, we can give a new method below, say the complex method, to ﬁnd
exact solutions of some PDEs.
Step . Substituting the transform T : u(x, t) → w(z), (x, t) → z into a given PDE gives
nonlinear ordinary diﬀerential equation (.).
Step . Substitute (.) into equation (.) to verify that the weak 〈p,q〉 condition and
weight relations p(r) + (q – )deg(Mr) <m + q hold.
Step . By indeterminant relations (.), (.), and (.) we ﬁnd the elliptic, rational and
simply periodic solutions w(z) of equation (.) with pole at z = , respectively.
Step . By Theorem  we obtain all meromorphic solutions w(z – z).
Step . Substitute the inverse transform T– into these meromorphic solutions w(z– z),
then we get all exact solutions u(x, t) of the original given PDE.
3 Proof of themain theorem
Proof of Theorem  Suppose thatw is ameromorphic solution of equation (.).We divide
the proof into three cases.
Case . w is entire.
We will ﬁrst prove that w is not transcendental. Otherwise, rewrite (.) as follows:
wn– ·w = P[w] + aw(m).
Making use of Lemma , we get
m(r,w) = S(r,w).
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Noting that N(r,w) = , we have





a contradiction. So w is not a transcendental entire function.
Next, if w is a polynomial of degree k (k ≥ ), that is,
w = akzk + ak–zk– + · · · + a (ak 	= ).
Substituting w into (.), we know that the coeﬃcient ank of the highest degree term in z is
not zero. Hence w is constant.
Case . w is a meromorphic function with ﬁnite poles.
By using the logarithmic derivative lemma and properties of Nevanlinna’s characteristic















)≤ (n – )T(r,w) +O(log r) + S(r,w).
By Lemma  once more, we have T(r,wn) = nT(r,w) +O(), and then T(r,w) = S(r,w) +
O(log r). Hence w is rational.
Assume that z, z, . . . , zp+ are of p +  distinct poles of w on the whole C, then w(z +
z), . . . ,w(z + zp+) are solutions of equation (.) which have pole at z = . By the weak
〈p,q〉 condition, we see that there exist at least two of them, say w(z) := w(z + z) and
w(z) := w(z + zp+), such that w(z) and w(z) have the same Laurent principle parts. We
will prove that w(z) ≡ w(z). Otherwise, z =  is a zero of w(z) – w(z) with multiplicity
l ≥ . Substituting w(z) and w(z) into equation (.), we get












= wn –wn. (.)
Since z =  is a pole of wi with multiplicity q, by hypothesis p(r) + (q– )deg(Mr) <m+ q
and deg(P) < n, (.) implies
m = (n – )q. (.)












)n–, i = , . (.)




l=(q+ l)rl) >m+q–p(r) – (q–)deg(Mr) > , we get that for each i = , ,




















Hence, setting z →  in (.) and combining deg(P) < n, we have
cn–q = (–)maq(q + ) · · · (q +m – ). (.)





































where each Pi,j[w,w] (i = , . . . , j, j = , . . . ,m–) is a homogenous diﬀerential polynomial
in w and w such that the total weight
W (Pi,j) = p(r) – i –  <W (P) – i – ≤m – i – 
and degree
















































 ]ri––k) (i = , . . . , j)
and m + q – (
∑j
l=(q + l)rl) >m + q – p(r) – (q – )deg(Mr) > , by the similarly argument
and taking z → , (.) implies
ncn–q = al(l – ) · · · (l –m + ). (.)
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Sincem is an odd integer, from both (.) and (.), we infer cq = . This is impossible.
Thus w(z) ≡ w(z – z + zp+), hence w is periodic. But a periodic rational function must
be constant, a contradiction.
Therefore w has at most l distinct poles on C, say l ≤ p distinct poles z, . . . , zl . Further-









where P(z) is a polynomial. Substituting (.) into equation (.), computing the indeter-
minant coeﬃcients from the highest term in turn in z for P(z) by the hypothesis, we infer
that P(z) is constant. Thus (I) occurs.
Case . w has inﬁnite poles.
From former conclusion, we know that there exist l ≤ p distinct poles z, . . . , zl such
that the set of all poles of w can be expressed as z + 	, . . . , zl + 	, where 	 is a nontrivial
discrete subset on (C, +). Thus	 is isomorphicZ, or isomorphicZ×Z.We consider them,
respectively.
If 	 is isomorphic Z, then C/	 = C∗ = C\, and w is a single periodic function. Then
w = R(exp(αz)), where R is a meromorphic function with l (≤ p) distinct poles ξ, . . . , ξl of
multiplicity q. We will prove that R is a rational function.
Set ξ = exp(αz) and substitute w = R(ξ ) into equation (.), we have
aαm
[
ξR′ + · · · + ξmR(m)] + P[R] = Rn. (.)
It is the same argument as Case , if R is transcendental, Lemma  implies m(r,R) =
S(r,R). Noting that R has and only has l ≤ p distinct poles, we have T(r,R) = S(r,R), a
contradiction. Therefore, R is a rational function.
By a similar argument of the later part of Case  for R and equation (.), we see that
(II) holds.
If 	 is isomorphic Z × Z, then w is an elliptic function and has l (≤ p) distinct poles
ξ, . . . , ξl of multiplicity q per parallelogram of periods.
(.) can be obtained from (.) of Lemma . By Lemma , we can obtain another rep-
resentation of w.
() If w is even. By Lemma , we know that w can be expressed as w = Q(℘(z)), where
Q(ξ ) is a rational function. Noting that the poles of w are of multiplicity q and the poles of












where q ≤ q and the pole of ℘(z) is the pole of w, or then q =  if the pole of ℘(z) is not
the pole of w.
() If w is odd, note that ℘ ′(z) is odd, then w
℘′(z) is even. By conclusion (), we deduce that
w
℘′(z) is a rational Q(ξ ) of ξ := ℘(z).
() If w is non-odd and non-even, then rewrite w to the form of w(z) = w(z)+w(–z) +
w(z)–w(–z)
 . It is easy to know that
w(z)+w(–z)
 is even, and
w(z)–w(–z)
 is odd. Therefore both
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whereQ(ξ ) andQ(ξ ) are rational functions with the form of (.). Conclusion () holds.
Thus (III) occurs.
The proof of Theorem  is complete. 
4 All meromorphic solutions of the Kuramoto-Sivashinsky equation
In this section, we give an example to show our complex method and the application of
Theorem .
Substituting (.) into equation (.), we have








z + · · · .
Thus q = , p = , c– = ν , c– = –b, c– = ( μ –
b
ν ).
Hence, equation (.) satisﬁes the weak 〈, 〉 condition. Obviously, equation (.) sat-
isﬁes other conditions. So, by Theorem , we know that all meromorphic solutions of
equation (.) belong to W . Now we will give the forms of all meromorphic solutions of
equation (.).





′(z) + c–℘(z) + c, (.)
where ℘(z) is the Weierstrass elliptic function, c– = ν , c– = –b, c indeterminant.
Substituting (.) into equation (.), we have b = νμ.
Therefore, all elliptic function solutions of equation (.) are
wd(z) = –ν℘ ′(z – z) – b℘(z – z),














℘ ′(z) + 




where z ∈C, b = νμ.
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Making using of (.) of Lemma , all simply periodic function solutions of equation
(.) with pole z =  can be degenerated by


























 z – bd.



















 (z – z) – bd,
where z ∈C, d 	= .
Making use of (.) of Lemma , all rational function solutions of equation (.) with
pole z =  can be degenerated by










where z ∈C, A = b = μ = .
5 Conclusions
The complex method is very important in ﬁnding the exact solutions of nonlinear evolu-
tion equations, and AODEq. (.) is a class of most important auxiliary equations because
many nonlinear evolution equations can be converted to this equation making use of the
traveling wave reduction. In this article, we employ Nevanlinna’s value distribution the-
ory to investigate the existence of meromorphic solutions of some algebraic diﬀerential
equations. We obtain the representations of all meromorphic solutions of certain alge-
braic diﬀerential equations with constant coeﬃcients and dominant term. Many results
are the corollaries of our result, and we will give the complex method to ﬁnd all travel-
ing wave exact solutions of corresponding partial diﬀerential equations. Our results show
that the complex method provides a powerful mathematical tool for solving great many
nonlinear partial diﬀerential equations in mathematical physics.
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